[RESOURCE TITLE] 6.6 Solving Exponential and Logarithmic Equations
Objective 6.6: Students will solve exponential and logarithmic equations.
[MAJOR HEAD]Solving Exponential and Logarithmic Equations
[MINOR HEAD]Recall: The Definition and Properties of the Logarithm.
In this section, you will use what you have learned thus far about exponentials and logarithms to solve equations involving exponentials and logarithms. To begin, let’s review what you know about the relationship between exponentials and logarithms:
[BEGIN BULLETED LIST]
· logb x = y means by = x.
· log p = q means 10q = p
· ln j = k means ek = j.
· blogbx = x.
· logb b = 1.
· logb 1 = 0.
· logb (xy) = logb x + logb y.
· logb (x/y) = logb x – log b y.
· logb xr = r logb x.
· loga r = logb r/logb a
[END BULLETED LIST]
[MINOR HEAD] Converting from Logarithmic to Exponential Form
One of the common techniques you can use to solve logarithmic equations is to convert the logarithms to exponentials. Similarly, given an exponential equation, it is often handy to convert to logarithmic form. Often, doing this can help to isolate the variable you’re interested in, and the name of the game when solving equations is to isolate the variable. Take a look at this example using the common log:
log (3x+7) = 0
First, raise both sides to a power of 10.
10log (3x+7) = 100
3x+7 = 1
3x = -6
x=-2.
This was covered briefly in an earlier section – this process is called “exponentiating” both sides of the equation, and when you exponentiate a logarithm to a power of its base, you automatically “undo” the logarithm!
[MINOR HEAD]Using the Properties of Logarithms
The properties of logarithms (the power, product, and quotient properties) can also be used, often in combination with each other and sometimes also in combination with conversion from logarithm to exponential to solve an equation. Let’s look at a couple of examples:
Example 1:
log(x+2) + log(x+5) = 1
By the product property,
log((x+2)(x+5)) = 1
log(x2 + 7x + 10) = 1
Then, by converting to exponential,
x2 + 7x + 10 = 10
x2 + 7x = 0
Now, factor out an x:
x(x+7) = 0
So, x=0 and x=-7 are solutions.
Example 2:
log2(x+1)4 = 8
Using the power property,
4 log2 (x+1) = 8
log2 (x+1) = 2
Converting to exponential,
x+1 = 22 = 4
x = 3.
Example 3:
ln (x2+7x+12) – ln (x+4) = 0
Using the quotient property,
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Then, by converting to exponential,

[image: image2.emf]x

2

+7 x + 12

x + 4

=e

0

x

2

+7 x + 12

x + 4

=1



Now, we only need to isolate the x.
x2 + 7x + 12 = x+4
Subtracting 4 gives:
x2 + 7x + 8 = x
Subtracting x gives: 
x2 + 6x + 8 = 0
Finally, factoring the left hand side gives:
(x+2)(x+4) = 0
So, x=-2 and x = -4.
However, look back at the original equation: ln (x2+7x+12) – ln (x+4) = 0
If x = 4, ln(x+4) = ln(0), which is not defined. So, the only valid solution is x = -2.
As you can see, there are many things to think about when solving logarithmic and exponential equations – sometimes the correct course of operations takes a little bit of trial and error. Should you factor the polynomial now, or try to simplify it a little first? Is it better to use the power property to eliminate an exponent, or will evaluating first make things more clear? 
Remember that the goal is to isolate the variable you’re interested in, and you can use all the tools in your toolbox (like factoring and simplifying polynomial expressions) in addition to the properties of logarithms and exponents to help you along the way.
[MAJOR HEAD] Key Points
[BEGIN BULLETED LIST]
· Using the power, product, and quotient properties of logarithms often helps to simplify logarithmic expressions.
· Exponentiating both sides of a logarithmic equation can help to isolate the variable of interest by “undoing” the logarithm and putting the equation in a more familiar polynomial form.
[END BULLETED LIST]
[END KEY POINTS AND LINKS]
[START DISCOVER MORE]
Consider the equation ln(x+2) = ln(12) - ln(x+3). 
1. Without working on it, which properties of logarithms will you use to begin solving this equation?
2. If you exponentiate both sides, what will be the base of your power?
3. Solve the equation.
4. Consider the original equation again. Are all of your solutions valid?
[START DISCOVER MORE ANSWER]
1. It looks like you will begin by subtracting ln(x+3) from both sides in order to form ln(x+2) + ln (x+3) = ln(12). In this case, most likely we will use the product property. Note that since ln(12) is just a number, you can leave it on the other side of the equals sign. Including it with the unknown values on the left won’t make things simpler.
2. Since these are natural logarithms, if we exponentiate both sides, we must raise them to a power of e in order to undo those logarithms.
3.
ln(x+2) = ln(12) – ln(x+3)
ln(x+2) + ln(x+3) = ln(12)
Using the product property,
ln((x+2)(x+3)) = ln(12)
Raising both sides to a power of e,
(x+2)(x+3) = 12
x2 + 5x + 6 = 12
x2 + 5x – 6 = 0
Factoring the left hand side,
(x-1)(x+6) = 0
So, x=1 and x=-6 are solutions.
4. In the original equation, ln(x+2) = ln(12) – ln(x+3), having x=-6 will give us ln(-4) = ln(12) – ln(-3). Since we can never, ever take logarithms of negative numbers, x=-6 is not a valid solution. The only valid solution is x=1.
[END DISCOVER MORE ANSWER]
[END DISCOVER MORE]
[START SELF CHECK]
1. Convert the logarithm to exponential form: log4 (256) = 4.
A. 44 = 256.
B. 4256 = 4.
C. 2564 = 4.
D. 44 = log4 (256).
Explanation: Parse the expression out: log4 (256) = 4 says that “the power to which you raise 4 to get 256 is 4.” Stating this as an exponential expression is 44 = 256.
2. By converting to an exponential expression, solve log2 (x+5) = 4
A. x = 11
B. x = 5
C. x = 16
D. x = 6
Explanation: Exponentiating both sides to a power of 2 gives x+5 = 16.
3. Is x = 0 a valid potential solution to the equation log(x+2) + log(x+5) = 1? (You do not need to solve this equation, just determine if x=0 is a valid solution)
A. Yes, since log(2) and log(5) both exist as valid values for the logarithm.
B. No, because log(0) is undefined.
C. No, because the logarithm of a negative value is undefined.
D. It cannot be determined from the information given.
Explanation: Since log (0+2) = log (2) and log (0+5) = log (5), these are valid values for the logarithm, so x=0 is a valid potential solution (and in fact it is a solution).
4. Solve log2(3x) + log2 (4) = 4.
A. x = 4/3
B. x = 6
C. x = 3/4
D. x = 4
Explanation: You may either evaluate log2 (4) and then proceed from there, or use the power property to state the left hand side as log2 (12x). Either way, you end up with the same solution: x = 4/3 (reduced from x = 16/12 if you use the product property).
�$$ln(\frac{x^2+7x+12}{x+4}) = 0$$


�$$\frac{x^2+7x+12}{x+4}= e^0$$


$$\frac{x^2+7x+12}{x+4}= 1$$
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